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We consider a family of spin-1/2 models with few-body, SU(2) invariant Hamiltonians and ana-
lytical ground states related to the 1D Haldane-Shastry wavefunction. The spins are placed on the
surface of a cylinder, and the standard 1D Haldane-Shastry model is obtained by placing the spins
with equal spacing in a circle around the cylinder. Here, we show that another interesting family of
models with two-body exchange interactions is obtained if we instead place the spins along one or
two lines parallel to the cylinder axis, giving rise to chain and ladder models, respectively. We can
change the scale along the cylinder axis without changing the radius of the cylinder. This gives us
a parameter that controls the ratio between the circumference of the cylinder and all other length
scales in the system. We use Monte Carlo simulations and analytical investigations to study how
this ratio affects the properties of the models. If the ratio is large, we find that the two legs of the
ladder decouple into two chains that are in a critical phase with Haldane-Shastry-like properties. If
the ratio is small, the wavefunction reduces to a product of singlets. In between, we find that the
behavior of the correlations and the Renyi entropy depends on the distance considered. For small
distances the behavior is critical, and for long distances the correlations decay exponentially and
the entropy shows an area law behavior. The distance up to which there is critical behavior gets
larger and larger as the ratio increases.
I. INTRODUCTION
Models that can be solved partially or fully by us-
ing analytical tools play a crucial role to illuminate the
physics of strongly correlated quantum many-body sys-
tems. They overcome, in particular cases, the bottleneck
that the resources needed to do numerical computations
generally grow exponentially with system size, they pro-
vide insight into mechanisms lying behind many-body
phenomena, and they can be used to test numerical ap-
proximation schemes.
A number of different exactly solvable models have
been found in 1D systems. These models can be grouped
into three main categories.1,2 The first one is the Heisen-
berg spin model3 (and other related models in 1D4,5)
with its exact solution by Bethe’s ansatz.6 The second
member is the Tomonaga-Luttinger liquids,7–9 solved by
bosonization techniques. This model reveals the non
Fermi-liquid properties of 1D fermionic systems. Finally,
the third family are models related to the Calogero-
Sutherland model10 with long range interactions. The
Calogero-Sutherland model is defined in the continuum,
and a lattice spin version of the model was found by Hal-
dane and Shastry.11,12 In addition, tensor networks pro-
vide an efficient tool to find models with known ground
states and short range interactions.13–15
Important work has also been done in the context of
exactly solvable ladder models (see e.g. 16–23). An ex-
actly solvable spin ladder with biquadratic interactions
has been obtained via Bethe’s ansatz in 16. In 19, a spin
ladder model with interactions between spins on neigh-
boring rungs, and in 23, behavior of the two leg frus-
trated quantum spin 12 ladder containing Heisenberg in-
tra rung and Ising inter rung interactions has been stud-
ied. A three leg spin ladder with isotropic Heisenberg
interactions and additional many-body terms in the con-
text of magnetization is discussed in 18, and recently en-
tanglement entropy has been investigated for an exactly
solvable two leg spin ladder which contains three body
interactions.22
In the present paper, we construct chain and ladder
models with two-body interactions and analytical ground
states that are related to the 1D Haldane-Shastry (HS)
model24. In the original 1D HS model, N equidistant
spin 12 particles are arranged on a 1D circle and interact
antiferromagnetically through an exchange interaction.
The interaction strength is inversely proportional to the
square of the chord distance between two spins on the
circle. The Hamiltonian of the 1D HS model
HHS =
N∑
i 6=j
[
N
pi
sin
(
i− j
N
pi
)]−2
Si · Sj (1)
is exactly solvable up to all of its ground and excited
states. An interesting feature of this model is that it
contains elementary excitations named spinons, which
are spin 12 particles obeying semion statistics. The pos-
sibility of having a 1D hyperbolic version of the HS
model with infinitely many spins has been investigated
by Inozemtsev.25
A generalization of the 1D HS model, which is valid for
arbitrary lattices on a cylinder surface, has been found
recently26 and is illustrated in Fig. 1. The model has two-
and three-body interactions, and the ground state, but
not the excited states, is known analytically. In 2D, the
ground state is closely related to the Kalmeyer-Laughlin
state27 which is the spin version of the bosonic Laughlin
state at half filling. It is known that if one restricts the
positions of the spins to a circle around the cylinder, one
gets a two-body model. If, in addition, the spins are
uniformly distributed on the circle, as visualized on the
upper most cylinder in Fig. 1, the model reduces to the
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2FIG. 1. We consider a model, in which the lattice points
(spins) are placed on the surface of a cylinder. The middle
cylinder depicts the 2D generalization of the 1D HS model,
which can be defined for spins on an arbitrary lattice. In
general, it has two- and three-body interactions. The 1D HS
model shown on the upper most cylinder is a special case with
only two-body interactions. In this article, we show that if the
positions of the spins are restricted to the blue lines shown
on the lower most cylinder, we also get a model with only
two-body interactions.
1D HS model.28 A different choice of the spin positions
gives a 1D HS model with open boundary conditions.29
Here, we show that there is also a different way to ob-
tain a family of two-body models, and we investigate the
properties of some members of this family. More specif-
ically, the two-body models are obtained, when the spin
positions are restricted to be on the two blue lines de-
picted on the lower most cylinder in Fig. 1. In particular,
this allows us to construct a family of 1D models and of
ladder models with only two-body interactions and an-
alytical ground states. It is interesting to ask, whether
the properties of these models are similar to those of the
original 1D HS model or not. Our investigations show
that the properties of the models depend on how large
the circumference of the cylinder is compared to the other
length scales in the system. If this ratio is large, the mod-
els have properties close to those of the 1D HS model,
and if the ratio is small, the wavefunction reduces to
a product of singlets. In between, we find an interest-
ing behavior, where the correlations and entropy display
critical properties over short distances and exponential
decay of correlations and area law entropy for large dis-
tances. As the parameter controlling the ratio varies, the
length scale separating the two behaviors changes.
The paper is organized as follows. In Sec. II, we briefly
recall the 2D HS model for spins on an arbitrary lattice
on the cylinder. In Sec. III, we discuss the 1D HS model
on the circle. In Sec. IV, we show that the 2D HS model
reduces to a two-body model for particular choices of the
lattice. Special cases include spin chain models, which we
analyze in Sec. V, and ladder models, which we analyze
in Sec. VI. Section VII concludes the paper.
II. THE 2D HS MODEL
We first briefly recall the 2D HS model26 on the cylin-
der. The position of the jth spin on the cylinder is spec-
ified by the complex number Wj . Re(Wj) is the position
in the direction along the cylinder axis, and Im(Wj) is
the position in the perpendicular direction around the
cylinder. We take the circumference of the cylinder to be
2pi, and therefore Im(Wj) is periodic with period 2pi. We
also define a corresponding set of points zj in the complex
plane through the mapping zj = e
Wj . We shall assume
throughout that all spins are at different positions, i.e.,
zj 6= zk whenever j 6= k.
The local Hilbert space on site number j is spanned
by the states |sj〉 with sj ∈ {−1, 1}. In the following, we
choose the number of spins N to be even and consider
the many-body state
|ψ〉 =
∑
s1,s2,...,sN
ψs1,s2,...,sN (z1, z2, . . . , zN )|s1, s2, . . . , sN 〉
(2)
with
ψs1,s2,...,sN (z1, z2, . . . , zN ) =
δs
N∏
p=1
χp,sp
N∏
j<k
(zj − zk) 12 (sjsk−1). (3)
Here, δs = 1 for
∑N
j=1 sj = 0 and δs = 0 otherwise, and
the phase factors are χp,sp = exp[ipi(p − 1)(sp + 1)/2],
since this ensures that (3) is a spin singlet.26 The state
(3) is invariant under relabelling of the indices,30 and
we can hence choose the numbering of the spins after
convenience.
We define a set of positive semi-definite and Hermitian
operators
Hi =
1
2
∑
j(6=i)
|wij |2 − 2i
3
∑
j 6=k( 6=i)
w¯ijwik Si · (Sj × Sk)
+
2
3
∑
j(6=i)
|wij |2 Si · Sj + 2
3
∑
j 6=k( 6=i)
w¯ijwik Sj · Sk (4)
acting on the N spins. Here, wij = g(zi)/(zi − zj) +
h(zi), g and h are arbitrary functions of zi, w¯ij is the
complex conjugate of wij , and Si = (S
x
i , S
y
i , S
z
i ) is the
spin operator acting on the spin positioned at zi (|si〉 are
3the eigenstates of Szi with eigenvalues si/2). We use the
notation
∑
p 6=q as the sum over p and q and
∑
p(6=q) as
the sum over p only. Likewise,
∑
p 6=q(6=r) means the sum
over p and q with p 6= q, p 6= r, and q 6= r.
It can be shown26 that all the Hi, and also
∑
i Si,
annihilate the state (3). Any linear combination of the
Hi and
∑
i,j Si ·Sj with nonnegative coefficients is hence
a parent Hamiltonian for (3). In this paper, we will use
H =
1
4
∑
i
Hi (5)
as our Hamiltonian, unless specified otherwise.
III. THE 1D HS MODEL
The standard 1D HS model (1) is obtained as a special
case of the 2D HS model by choosing the Hamiltonian
as28
HHS =
pi2
2N2
∑
i
Hi+
pi2(N + 1)
3N2
∑
i,j
Si ·Sj− pi
2(N2 + 5)
12N
(6)
and putting zj = exp(2piij/N) and wij = 2zi/(zi−zj)−1.
Note that the three-body term in Hi vanishes in this case,
since w¯ij = −wij . The ground state is again given by (3)
with zj = exp(2piij/N). The standard 1D HS model is
a critical model belonging to the SU(2)1 Wess-Zumino-
Witten universality class.31 For later comparison, we will
now discuss a few important properties of this model.
We first consider the spin-spin interaction strength
bHSij , which is defined such that HHS =
∑
i6=j b
HS
ij Si ·Sj +
CHS, where CHS is a constant. Hence
bHSij =
[
N
pi
sin
(
i− j
N
pi
)]−2
= d−2ij . (7)
Here, dij is the chord distance between spins i and j,
when the spins are put on a circle with circumference N .
The spin-spin interaction hence decays as the inverse of
the square of the chord distance between the spins. For
spins that are nearby each other (|i− j|  N), the chord
distance is approximately the same as the distance along
the circle, and the expression simplifies to
bHSij ≈ (i− j)−2, (|i− j|  N). (8)
We next consider the spin-spin correlation function
〈Szj Szk〉 =
∑
s1,...,sN
sjsk|ψs1,...,sN (z1, . . . , zN )|2
4
∑
s1,...,sN
|ψs1,...,sN (z1, . . . , zN )|2
, (9)
which is the expectation value of a product of two spin
operators Szj acting on different lattice sites. In the stan-
dard 1D HS model, the spin-spin correlation function can
be computed analytically.28 The analytical expression for
the correlation function simplifies to
〈Szj+kSzj 〉 ≈
pi(−1)k
8N sin(pik/N)
− 1
4N2 sin2(pik/N)
(10)
in the limit k  1 and N  1 with k/N fixed. It follows
that the correlation function shows critical behavior with
the power law decay (−1)k/(8k) for 1 k  N . This is
consistent with Haldane’s conjecture.32
Finally, we consider the Renyi entropy of order two,
which is defined as follows. We divide the system into
two parts A and B. In our case, A is the first x spins,
and B is the remaining N−x spins. The Renyi entangle-
ment entropy gives the entanglement of one part with the
other. Now, construct the density matrix ρ = |ψ〉〈ψ| for
the whole system and evaluate the reduced density ma-
trix of part A as ρA = TrB(ρ). Here, TrB(ρ) is the trace
of ρ over the spins in part B. The Renyi entanglement
entropy of order two is then given by
Sx = − ln[Tr(ρ2A)]. (11)
The reason for considering this entanglement entropy is
that it can be computed efficiently using a metropolis
Monte Carlo algorithm and the replica trick.33,34
The leading order behavior of the Renyi entropy of
order α in a 1D critical system is generally given by35–40
S(α)x ≈
c
6η
(
1 +
1
α
)
ln [ηN sin(pix/N)/pi] + constant,
(12)
where α is the order of the Renyi entropy, c is the central
charge of the underlying conformal field theory, and η = 1
(η = 2) for periodic (open) boundary conditions. The
expected leading order behavior for the standard 1D HS
model is hence
Sx ≈ c
4
ln
[
N
pi
sin
(pix
N
)]
+ constant, (13)
which agrees with numerics33 for c = 1. The numerical
results for the HS model also show an oscillation with
period 2, which is present in the subleading terms.
IV. TWO-BODY CHAIN AND LADDER
MODELS
We now demonstrate that the Hamiltonian (5) also
reduces to a two-body Hamiltonian in other particular
cases. Specifically, if we take all wij to be real, the three-
body terms in (4) vanish, and the Hamiltonian simplifies
to
H =
1
4
∑
i
Hi =
∑
i6=j
bij Si · Sj + C, (14)
where C is a constant and
bij =
1
6
w2ij +
1
6
∑
k(6=i 6=j)
wkiwkj (i 6= j) (15)
expresses the strength of the interaction between the
spins at positions i and j (note that bij = bji).
4Since wij = g(zi)/(zi − zj) + h(zi), where g and h
are arbitrary functions of zi, we can achieve that wij are
real by choosing all zi real and taking g and h to be
real functions. Requiring zi to be real corresponds to
restricting Im(Wi) to be an integer times pi. In other
words, all the lattice points should be on the blue lines
on the lower most cylinder in Fig. 1.
Lattice points on the blue lines can be expressed in the
form
zj = σje
Λf(j), (16)
where σj ∈ {−1,+1}, Λ is a positive number, and
f(j) ∈ R is a real valued function of j. If we take all
σj to be +1, we get a 1D chain model, and if we take
some σj to be +1 and some to be −1, we get a ladder
model. Note that these models have open boundary con-
ditions by construction. In the following, we shall refer
to the spins with positive (negative) σj as the spins on
the front (back) of the cylinder. The circumference of
the cylinder is fixed to 2pi, and changing Λ corresponds
to a scale transformation in the direction parallel to the
cylinder axis. If Λ is very small (large), the circumfer-
ence of the cylinder will be large (small) compared to the
other length scales in the system.
A. Symmetries
The wavefunction (3) can be written as a conformal
block times a normalization constant, and it is therefore
invariant under all global conformal transformations, i.e.
transformations of the type
zj → azj + b
czj + d
, (17)
where a, b, c, and d are complex numbers fulfilling
ad − bc = 1. If we do the same transformation on the
Hamiltonian, we still have the same expression for the
Hamiltonian, but g and h are, in general, modified. The
Hamiltonian is hence not invariant under the full set of
conformal transformations (unless g = h = 0), but for
particular choices of g and h, the Hamiltonian is invari-
ant under a smaller set of transformations.41
A particularly natural choice of Hamiltonian for the
models we are looking at is to take wij = 2zi/(zi −
zj) − 1 = (zi + zj)/(zi − zj). In that case, the Hamil-
tonian is invariant under the transformations zj → azj
and zj → z−1j , where a is a constant number. These
two transformations correspond, respectively, to displac-
ing the lattice points along the blue lines in Fig. 1 (plus
a rotation around the cylinder axis if a is complex) and
to inverting the directions of the blue lines.
B. Spin-spin correlations and Renyi entropy
As part of our investigations of the properties of the
models, we shall below compute the spin-spin correlation
function and the Renyi entropy of order two for particular
cases. It was found in 28 that if the spins are put on a
circle around the cylinder and wij = (zi + zj)/(zi − zj),
then the spin-spin correlations fulfil the following set of
linear equations
wij〈Szi Szj 〉+
∑
k(6=i 6=j)
wik〈SzkSzj 〉+
1
4
wij = 0. (18)
Following the same steps as in 28, we find that (18) also
applies whenever all the wij = g(zi)/(zi− zj) + h(zi) are
real (as long as wij are real, we can choose g(zi) and h(zi)
after convenience). This allows us to easily compute the
spin-spin correlations for quite large systems. We com-
pute the Renyi entropy using Monte Carlo simulations.
C. Small Λ limit: Decoupling of the legs
When Λ is sufficiently small, the circumference of the
cylinder is large compared to all other relevant length
scales in the system, and it would be natural if the two
legs decouple in that limit. Specifically, we shall assume
that
Λ|f(j)− f(k)|  1 (19)
for all j and k. In this section, we shall label the N+
spins with σj > 0 from 1 to N+ and the N− spins with
σj < 0 from N+ + 1 to N = N+ +N−.
Let us first look at the Hamiltonian for wij = (zi +
zj)/(zi − zj). Using (19), we get
wij =
σie
Λf(i) + σje
Λf(j)
σieΛf(i) − σjeΛf(j)
≈
{
2/{Λ[f(i)− f(j)]} for σi = σj
Λ[f(i)− f(j)]/2 for σi = −σj . (20)
In other words, wij is large if the ith and the jth spin
sit on the same leg and small if they sit on different legs.
Inserting this into (15), we observe that the spin-spin in-
teraction strength between spins sitting on the same leg
is larger by a factor of Λ−2 compared to the spin-spin in-
teraction strength between spins sitting on different legs.
When (19) applies, we can hence neglect the interactions
between spins on different legs.
In appendix A, we show that if there is an even number
of spins on both of the legs, then the wavefunction (3)
reduces to
ψs1,...,sN (z1, . . . , zN ) ≈
constant× ψs1,...,sN+ (z1, . . . , zN+)
× ψsN++1,...,sN (zN++1, . . . , zN ), (21)
when (19) applies. In other words, the ladder model re-
duces to two copies of the chain model with N+ and N−
5spins, respectively. If there is an odd number of spins on
each of the legs, the wavefunction is a sum of two terms
ψs1,...,sN (z1, . . . , zN ) ≈ constant
× [ψ(1)s1,...,sN+ (z1, . . . , zN+)ψ
(−1)
sN++1,...,sN
(zN++1, . . . , zN )
−ψ(−1)s1,...,sN+ (z1, . . . , zN+)ψ
(1)
sN++1,...,sN
(zN++1, . . . , zN )].
(22)
Here, ψ(1) (ψ(−1)) is defined as in (3), except that we
now take δs to be one if the sum of the spin variables sj
is 1 (−1). Note, however, that since we found above that
the Hamiltonian with wij = (zi + zj)/(zi − zj) does not
couple the two legs, each of these terms are individually
zero energy eigenstates of the Hamiltonian. The ground
state is hence degenerate in that case.
D. Large Λ limit: Product of singlets
In appendices B and C, we show that the wavefunction
(3) reduces to a product of N/2 singlets in the limit of
sufficiently large Λ for almost all choices of the lattice
coordinates (16). Without loss of generality, we will here
label the lattice sites such that f(j + 1) ≥ f(j) for all
j ∈ {1, 2, . . . , N −1}. Stated more precisely, we find that
ψs1,s2,...,sN (z1, z2, . . . , zN ) ∝
ψs(s1, s2)⊗ ψs(s3, s4)⊗ · · · ⊗ ψs(sN−1, sN ) (23)
when
exp{Λ[f(2j + 1)− f(2j)]}  1 (24)
for all j ∈ {1, 2, . . . , N/2− 1}. Here,
ψs(s2j−1, s2j) = (|+ 1,−1〉 − | − 1,+1〉)/
√
2 (25)
is the singlet wavefunction of the spins s2j−1 and s2j .
Note that (24) can only be fulfilled provided f(2j+ 1) >
f(2j) for all j ∈ {1, 2, . . . , N/2 − 1}. The wavefunction
hence reduces to a product of singlets for sufficiently large
Λ unless there is a j for which lattice site number 2j + 1
and lattice site number 2j are placed on opposite sides
of the cylinder. The same result applies also in the case,
where the σk in (16) are general phase factors. Finally,
we comment that the pattern of singlets in the state is
fixed, because the model has open boundary conditions
per construction. It is hence always the first spin that
forms a singlet with the second, the third spin that forms
a singlet with the fourth, and so on.
V. UNIFORM 1D SPIN CHAIN
In this section, we study the 1D model obtained by
choosing zj = exp(2piλj/N) in more detail. Here, N is
the number of sites in the chain, which must be even,
FIG. 2. Mapping of the spin positions from the complex plane
(upper plot) to the cylinder surface (lower plot) for the uni-
form 1D chain. The radii of the consecutive circles in the
plane are zj = exp(2piλj/N).
and we shall take j ∈ {0, 1, . . . , N − 1}. The positive
number λ controls the ratio between the total length of
the chain, which is 2piλ, and the circumference of the
cylinder, which is 2pi. Note that in this case a possible
choice of ωjk is
wjk =
zj + zk
zj − zk =
1
tanh[piλ(j − k)/N ] . (26)
Figure 2 shows the lattice both in the complex plane
and on the cylinder. In the following, we first study the
physics of the ground state by computing the spin-spin
correlations and the Renyi entropy. We then investigate
the spin-spin interaction strengths in the Hamiltonian.
Finally, we briefly discuss possibilities to construct mod-
els with an odd number of spins.
A. Spin-spin correlations
The spin-spin correlations are, in general, an impor-
tant tool to extract information about the physics of a
system. The typical situation is that the ground state
is either critical with correlations that decay as a power
law or noncritical with correlations that decay exponen-
tially. We now take a look at the spin-spin correlations
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FIG. 3. Absolute value of the spin-spin correlation 〈Szj Szk〉 for the uniform 1D chain as a function of (k − j)/N for j = N/2
(bulk spin) and k ∈ {N/2 + 1, N/2 + 2, . . . , N − 1} (for clarity we plot only some of these k values). The different plots are for
different values of λ, and there are N = 200 (red), N = 2500 (blue), N = 5000 (magenta), N = 7500 (green), or N = 10000
(black) spins in the chain. Note that in (c-f) the x-axis is in log scale to the left of the vertical line and in linear scale to the
right of the vertical line. For λ = 0.25, the correlations are seen to follow a power law, and for λ = 100, the correlations decay
exponentially. For intermediate values of λ, the correlations decay as a power law for short distances and exponentially for large
distances, and the transition is seen to occur approximately at the vertical line, which is positioned at (k−N/2)/N = 1/(piλ).
In the standard 1D HS model the correlations decay as the inverse of the distance, and in the region, where the x-axis is in log
scale, we plot a straight line with slope −1 for comparison. The straight line plotted in the region to the right of the vertical
line is proportional to exp(−piλ(k −N/2)/N).
(9) for the uniform 1D model by solving (18) numeri-
cally. We find that 〈Szj Szk〉 is positive for |j−k| even and
negative for |j − k| odd. To simplify the plots, we hence
only consider the absolute value of the correlations in the
following.
Figures 3 and 4 show the spin-spin correlations 〈Szj Szk〉
for a spin in the bulk of the chain and for a spin on the
edge, respectively. For the bulk spin, we fix j = N/2 and
plot the correlations as a function of k for k > j, and
for the edge spin, we fix j = 0 and plot the correlations
as a function of k. These figures show several interesting
features, as we now discuss.
For λ = 0.25, we observe that the correlations decay
as the power law |〈Szj Szk〉| ∝ |j − k|−1. Here, |j − k|
is proportional to the distance between the spins. This
is the same behavior as for the standard 1D HS model,
where the correlations also decay as the inverse of the
distance between the spins when |j−k| is large compared
to 1 and small compared to N (see the discussion below
Eq. (10)). In the opposite limit of large λ, we observe that
the correlations decay exponentially. In this limit, the
model is hence qualitatively different from the standard
1D HS model. This is expected, since we found in Sec.
IV D that the state reduces to a product of singlets in
the large λ limit.
Given the qualitatively different behavior for small and
large λ, the natural next question is how the transition
from one behavior to the other occurs. The figures show
that the transition happens gradually in the sense that
for intermediate λ, the correlations decay as a power law
for short distances and exponentially for large distances.
As λ increases, the range of distances for which there is
exponential decay increases. A look at Eq. (26) suggests
that the point
|j − k|/N = 1/(piλ) (27)
plays a special role, and from the figures we observe that
the transition from power law to exponential decay in-
deed occurs around this point. The power law decay at
short distances again follows the behavior
|〈Szj Szk〉| ∝ |j − k|−1, (28)
and at long distances the exponential decay is described
by
|〈Szj Szk〉| ∝
1
N
exp
(
piλ|j − k|
N
)
. (29)
The curves in the figures are practically independent of
the number of spins N , when N is large enough, and
this shows that the proportionality constants in (28) and
(29) are independent of N . The independence of N is
also interesting because it shows that the possibility to
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FIG. 4. Absolute value of the spin-spin correlation 〈Szj Szk〉 for the uniform 1D chain as a function of (k− j)/N for j = 0 (edge
spin) and k ∈ {1, 2, . . . , N − 1} (for clarity we plot only some of these k values). The different plots are for different values of
λ, and there are N = 200 (red), N = 2500 (blue), N = 5000 (magenta), N = 7500 (green), or N = 10000 (black) spins in the
chain. Note that in (c-f) the x-axis is in log scale to the left of the vertical line and in linear scale to the right of the vertical
line. For λ = 0.25, the correlations are seen to follow a power law, and for λ = 100, the correlations decay exponentially. For
intermediate values of λ, the correlations decay as a power law for short distances and exponentially for large distances, and
the transition is seen to occur approximately at the vertical line, which is positioned at k/N = 1/(piλ). In the standard 1D HS
model the correlations decay as the inverse of the distance, and in the region, where the x-axis is in log scale, we plot a straight
line with slope −1 for comparison. The straight line plotted in the region to the right of the vertical line is proportional to
exp(−piλk/N).
have power law decay at short distances and exponential
decay at long distances remains in the thermodynamic
limit.
It is relevant to note that in the above discussion, short
and long distances refer to |j− k|/N taking a value close
enough to zero and close enough to unity, respectively.
The distances in question are hence measured relative to
the length of the chain and do not refer to how many
spins there are between the two considered spins. When
|j − k|/N is kept fixed, the number of spins between
the considered spins grows linearly with N , when N in-
creases. We could instead consider the correlations be-
tween spins that are |j − k| spins apart with |j − k| of
order unity. Since the transition from power law to ex-
ponential decay occurs around |j − k| = N/(piλ), we are
always on the left hand side of the transition, when N is
large enough. In other words, if we take the thermody-
namic limit N → ∞ with fixed |j − k|, the correlations
decay as the inverse of the distance as in the HS model,
independent of λ.
We have only plotted the correlations for k − j > 0 in
Fig. 3 for clarity. The conclusions regarding power law
and exponential decay are the same for k − j < 0. It is
interesting to note, however, that there is not a perfect
symmetry between the left and the right hand side of the
chain, simply because the number of spins in the chain is
even. This means that on one side of the bulk spin there
is an odd number of spins, and on the other side of the
bulk spin there is an even number of spins. We find that
the bulk spin is generally more strongly correlated with
the first neighbor sitting on the side with an odd number
of spins than with the first neighbor sitting on the side
with an even number of spins. This effect is particularly
strong for large λ, where the bulk spin forms a singlet
with the nearest neighbor sitting on the side, where there
is an odd number of spins. The effect is illustrated in Fig.
5 for both small and large λ. We note that this effect does
not occur in the standard HS model, since this model is
defined on a circle, where there is symmetry between the
left and the right hand side.
We saw in Sec. IV D that the chain is perfectly dimer-
ized into a product of singlets in the limit λ → ∞. To
investigate the behavior for large but finite λ, we plot
numerical results for the dimer order parameter in Fig.
6 for λ = 100 and N = 200. Since our model is SU(2)
invariant, we have 〈Sxj Sxj+1〉 = 〈Syj Syj+1〉 = 〈Szj Szj+1〉,
and it is sufficient to focus on 〈Szj Szj+1〉 only. The figure
shows that 〈Szj Szj+1〉 oscillates as a function of j. For j
even, 〈Szj Szj+1〉 is close to −0.25, and for j odd, 〈Szj Szj+1〉
is almost zero. This is the expected behavior for a chain
that is close to a product of singlets.
Finally, we note that the Hamiltonian is nonlocal, and
we cannot conclude from the behavior of the correlation
functions, whether there is an energy gap or not to the
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FIG. 5. Absolute value of the spin-spin correlation 〈Szj Szk〉 for
the uniform 1D chain as a function of |k−j| for j = 100 (bulk
spin) and k ∈ {0, 1, . . . , 199}. We have plotted both halves of
the spin chain. The red circles are for k− j ≥ 0, and the blue
squares are for k − j < 0. Note that the spin with k = 100
is more strongly correlated with the spin with k = 101 than
with the spin with k = 99.
first excited state in the thermodynamic limit.
B. Renyi Entropy of order two
The Renyi entropy is another general tool to extract
important information about the behavior of a spin sys-
tem. As already noted in (12), the Renyi entropy grows
logarithmically with subsystem size for critical systems.
For noncritical systems, the entanglement entropy of the
ground state typically follows an area law, which means
that the Renyi entropy grows linearly with the boundary
area of the selected region. In 1D, the boundary area is
independent of subsystem size, and the Renyi entropy is
hence constant.
In the computations below, we take part A of the sys-
tem to be the first x spins in the chain and part B to be
the remaining spins. Since the chain is symmetric under
inversion of the direction of the spin chain, we have that
the Renyi entropy of the first x spins is the same as the
Renyi entropy of the first N − x spins. This statement
is explained pictorially in Fig. 7. We therefore only com-
pute the Renyi entropy for x ≤ N/2. It is more time
consuming to compute the Renyi entropy than the corre-
lations, since we use Monte Carlo simulations. We shall
therefore restrict ourselves to N = 200 throughout. The
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FIG. 6. Variation of 〈Szj Szj+1〉 as a function of j for the 1D
spin chain with λ = 100 and N = 200. It is seen that for
j even, spin number j is almost perfectly anticorrelated with
spin number j+1 and almost not correlated with spin number
j − 1.
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FIG. 7. Relation between Renyi entropies for different cuts
of a spin chain in a pure quantum state. The upper part of
the figure shows a spin chain partitioned into two regions A
and B, and the lower part of the figure shows the same spin
chain partitioned into two different regions A′ and B′. We
choose the regions such that A and B′ contain x spins each,
while A′ and B contain N − x spins each. It is always the
case that SA = SB and SA′ = SB′ , but it is not necessarily
the case that SA and SA′ are the same. When the state of
the chain has inversion symmetry, however, it is ensured that
SA = SB′ , and hence that SA = SA′ .
results are shown in Fig. 8.
For λ = 100, we observe that the Renyi entropy is close
to zero whenever x is even and close to 0.7 whenever
x is odd. This is a consequence of the results in Sec.
IV D. When x is even, we do not cut any of the singlets
apart, and there are almost no correlations between the
two parts. When x is odd, we break one singlet into
two when cutting the chain, and the entropy is close to
ln(2) ≈ 0.693.
For λ = 0.25, the correlations follow a power law de-
cay, and we hence expect that the Renyi entropy is lin-
ear in ln(x) for 1  x  N , possibly plus some oscil-
lations. From (12), we get the leading order behavior
Sx ≈ c ln(x)/8 + constant. For the HS model, the cen-
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FIG. 8. Renyi entanglement entropy Sx of order two for the uniform 1D chain versus ln(x), when the subsystem consists of the
spins 0, 1, . . ., x− 1. There are N = 200 spins in the chain, and in (a) λ = 0.25, in (b) λ = 1, in (c) λ = 5, and in (d) λ = 100.
The vertical lines in (b) and (c) are at x = N/(piλ). (In (a) this line is to the right of the plotted region, and in (d) it is to the
left of the plotted region.) In (a-c), we show two linear fits to the upper and the lower set of points, respectively. In (a, b, c),
the slope of the upper line is (0.059, 0.047, 0.030), and the slope of the lower line is (0.126, 0.122, 0.091).
tral charge is c = 1, and it is hence relevant to compare
the entropy plot to a straight line with slope 1/8. Fig-
ure 8(a) shows that the entropy oscillates with period 2.
If we look only at the points with x even in the region
1  x  N , the points approximately fall on a straight
line with slope 0.126. This fits with the expected value
1/8 within the uncertainty of choosing the fitting region.
If we look at the points with odd x, however, the slope
of the line is around 0.059, which does not fit with 1/8.
It may be that this discrepancy is related to the asym-
metry observed in Fig. 5. For λ = 1, the slopes of the
two fitted lines have changed to 0.122 and 0.047. It is
interesting that the slope for x even is again close to 1/8,
while the slope for x odd seems to change with λ. For
λ = 5, both slopes are reduced, but the results are likely
inaccurate, since the number of points in the region with
linear increase is small.
For intermediate values of λ, we observe a transition
from a linear increase with ln(x) for small x to an area law
behavior for large x. The figure shows that the transition
occurs approximately at x = N/(piλ). This fits with the
behavior of the correlations, where we saw a transition
from power law decay to exponential decay.
C. Strengths of the spin-spin interactions
To investigate the Hamiltonian that gives rise to the
physics discussed above, we now take a closer look at the
spin-spin interaction strengths (15) for the choice wij =
(zi+zj)/(zi−zj). We first investigate some limiting cases
analytically, and after that present numerical results for
different values of N and λ.
1. Behavior for small and large λ with N fixed
We first consider the limit, where 2piλ  1. In this
case
wij =
e2piiλ/N + e2pijλ/N
e2piiλ/N − e2pijλ/N ≈
N
pi(i− j)λ (30)
and hence
bi,i+d ≈ N
2
6pi2λ2d2
1 + ∑
k(6=i 6=i+d)
d2
(k − i)(k − i− d)
 .
(31)
The sum can be simplified by utilizing
d
(k − i)(k − i− d) =
1
k − i− d −
1
k − i . (32)
For d > 0 this leads to
bi,i+d ≈
N2
6pi2λ2d2
[
3−
d∑
k=1
(
d
k + i− i0 −
d
k −N + i− i0
)]
,
(33)
where i0 is the lowest possible value of i (i.e., i = i0 for
the left most spin in the chain). The result for d < 0 is
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obtained by taking d→ −d and i− i0 → N − 1− (i− i0)
in (33). If we consider a spin in the bulk of the chain,
the expression for bi,i+d simplifies further to
bi,i+d ≈ N
2
2pi2λ2d2
. (34)
In this limit, we hence observe that the interaction
strength is inversely proportional to the square of the
distance between the spins as in the original HS model.
In the HS model, the spins are sitting on a circle, but
as long as |d|  N , the chord distance is approximately
the same as |d|, as already noted in (8). For small λ
and large N , we hence expect that the uniform 1D chain
model behaves similarly to the 1D HS model, except for
possible edge effects. This is consistent with the obser-
vations made in the last two sections.
The result derived above for 2piλ  1 is also a good
approximation for spins in the bulk under the less strict
condition 2piλ|i−j|  N . Although in this case there are
some values of k for which (30) does not provide a good
approximation for wki and wkj , those terms are much
smaller than those for which (30) is a good approxima-
tion. The error made by nevertheless using (30) for all k
is hence small.
Next we consider the limit 2piλ N . We have
bij =
1
6
(e
2piλi
N + e
2piλj
N )2
(e
2piλi
N − e 2piλjN )2
+
1
6
∑
k(6=i 6=j)
(e
2piλk
N + e
2piλi
N )
(e
2piλk
N − e 2piλiN )
(e
2piλk
N + e
2piλj
N )
(e
2piλk
N − e 2piλjN )
. (35)
Now, for 2piλ N , we have
e
2piλk
N + e
2piλj
N
e
2piλk
N − e 2piλjN
≈ sign(k − j), (36)
and hence
bij ≈ 1
6
(N − 2|j − i|+ 1). (37)
In this case, the interaction strength is decaying linearly,
and the range of the interaction is determined by the
system size. We would hence expect a behavior of the
system that is different from the HS model. This is con-
sistent with the observation that the ground state is a
product of singlets in that limit.
2. Numerical results
We plot results for |bN/2,j | for different values of λ and
N in Fig. 9. The limit (34) is shown as the red dot-
ted line in the plots. This behavior is followed as long
as |j − N/2|/N is small enough, and this suggests that
there is a connection between this behavior of the inter-
action strengths and the power law decay of correlations
in the ground state. The limiting behavior (37) is ap-
proximately followed in panel (f).
An important conclusion from the plots is that the
Hamiltonian is, generally, nonlocal. We also see that
|bN/2,j | does not follow a simple decay law over the entire
range of |j −N/2|/N values, but changes behavior qual-
itatively depending on the distance between the spins.
Motivated by the observations for the spin-spin correla-
tions, one may speculate if there is a change of behavior
at |j − N/2|/N = 1/(piλ). We do, however, not observe
sharp transitions at these points in the plots. This may
happen since the correlations between spin number N/2
and spin number j are not determined by bN/2,j alone,
but depend on all the bjk. The fact that |bN/2,j | changes
behavior depending on distance in this model suggests
that such changes may be a general mechanism to obtain
models, where the correlations follow different decay laws
depending on the distance between the spins.
Finally, we note that there is a whole family of two-
body Hamiltonians having the analytical state as ground
state. There are hence many different, possible behav-
iors of bjk, and the results presented here show only one
example.
D. Spin chains with an odd number of spins
We have only considered spin chains with an even num-
ber of spins so far, since the wavefunction (3) is zero
unless the total number of spins is even. One may spec-
ulate, however, if it is possible to decouple one of the
spins from all the others by moving it infinitely far away
and in this way obtain a model for a spin chain with an
odd number of spins. We show here that this is possible
for general λ, but the resulting model does not have the
natural property to be symmetric under inversion of the
direction of the spin chain.
We move the Nth spin infinitely far away from the
others by taking zN → ∞ along the positive real axis
in the complex plane. With the definition wij = (zi +
zj)/(zi−zj), we have wiN → −1, and with the definition
wij = 1/(zi− zj), we have wiN → 0. It follows from (15)
that the spin interaction biN between the ith and the
Nth spin is zero for all i for the choice wij = 1/(zi− zj),
but not for the choice wij = (zi + zj)/(zi− zj). The Nth
spin hence decouples from the others in the former case,
but not in the latter. It is, however, the latter choice that
gives a Hamiltonian that is symmetric under inversion of
the direction of the chain.
For small λ, it is possible to have a chain with an odd
number of spins and a Hamiltonian that is symmetric.
This follows from (15) and wij = 1/(zi−zj) ≈ N/[2piλ(i−
j)]. Another way to obtain chains with an odd number
of spins for small λ is to consider a ladder model with an
odd number of spins on each leg as already demonstrated
in Sec. IV C.
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FIG. 9. Absolute value of the spin-spin interaction strength bkj (Eq. (15)) for the uniform 1D chain as a function of |j − k|/N
for k = N/2 (bulk spin) and j ∈ {N/2 + 1, N/2 + 2, . . . , N − 1} (for clarity we plot only some of these j values). The different
plots are for different values of λ, and there are N = 200 (red), N = 2500 (blue), N = 5000 (magenta), N = 7500 (green), or
N = 10000 (black) spins in the chain. The red dotted line in each plot is the limit (34), and the vertical lines in the plots (c-f)
are positioned at (j −N/2)/N = 1/(piλ).
VI. UNIFORM LADDER MODEL
In this section, we investigate the uniform ladder model
obtained by choosing zj± = ± exp(2piλj/N). Here, N
is the total number of spins, which must be even, and
j ∈ {0, 1, . . . , N/2 − 1}. Note that j+ (j−) refers to
spin number j on the front (back) of the cylinder. The
parameter λ/2 determines the ratio between the length
of the ladder, which is piλ, and the circumference of the
cylinder, which is 2pi. The mapping from the complex
plane to the cylinder is shown in Fig. 10. In the complex
plane, the spins are along both the positive and the neg-
ative part of the real axis, and on the cylinder they are
placed on opposite sides.
A. Strengths of the spin-spin interactions
From Secs. IV C and IV D, we know that for λ very
small, the ladder decouples into two chains, and for λ
very large, each spin on one of the legs forms a singlet
with the neighboring spin on the other leg. We hence
expect that the legs of the ladder are weakly coupled for
small λ and strongly coupled for large λ. To see what
the coupling looks like, we plot the spin-spin interaction
strength (15) for different values of λ in Fig. 11. For
λ = 1, we indeed observe that interactions between spins
on different legs are much weaker than the strongest in-
teractions between spins on the same leg. For λ = 100,
the interactions with the neighboring spin on the opposite
leg are the strongest. For the intermediate case λ = 10,
FIG. 10. Mapping of the spin positions from the complex
plane (upper plot) to the cylinder surface (lower plot) for the
uniform ladder. The radii of the consecutive circles in the
plane are exp(2piλj/N).
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FIG. 11. Spin-spin interaction (15) between spin number 49− and all other spins for a uniform ladder with N = 200 spins. In
this plot, we use a numbering such that 1 to 100 are the spins 0+ to 99+ on the front of the cylinder and 101 to 200 are the
spins 0− to 99− on the back of the cylinder.
the interactions are strongest for neighboring spins on
the same leg, but there are also considerable interactions
between spins on different legs. Another important con-
clusion from the plot is that the spin-spin interactions
between spins on the same leg qualitatively display the
same behavior as for the chain. We can hence, at least
for the middle spin, roughly think of the ladder as two
copies of the chain model plus interactions between the
two legs. It is also interesting to note that for the larger
values of λ, the strength of the spin-spin interaction is
approximately the same for spins on the same leg as for
spins on opposite legs, except when the distance between
the spins is small. Finally, the plots show that the inter-
actions are highly nonlocal for λ large.
B. Weak coupling
We first consider the case of small λ, where the inter-
actions between the two legs of the ladder are weak. We
found in Sec. IV C that the ladder decouples into two
independent spin chain models in the limit of small λ.
Here, we take the small, but finite, value λ = 10−6 and
plot the spin-spin correlations and the Renyi entropy in
Figs. 12 and 13, respectively. The plots show results both
for the ladder and for two independent spin chains, and
we indeed see that these two cases give practically the
same values.
C. Spin-spin correlations
Results for the spin-spin correlations for a bulk spin
and different values of λ and N are provided in Fig. 14.
We find that the sign of the correlations is generally pos-
itive (negative) if the two spins are separated by an even
(odd) number of nearest neighbor links. We hence plot
only the absolute value of the correlations. For spins on
the same leg, it is seen that the correlations follow the
same pattern as for the 1D chain. In the region well to
the left of the line (k−N/4)/N = 1/(piλ), the correlations
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FIG. 12. Comparison of the spin-spin correlations for the
ladder and the chain. The blue squares show the absolute
value of the spin-spin correlation 〈Sz0+Szk+〉 between spins on
the front of the cylinder for the uniform ladder with N =
200 and λ = 10−6 as a function of k ∈ {1, 2, . . . , 99}. The
red circles show the same correlations for the chain model
obtained by removing all the spins on the back of the cylinder.
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FIG. 13. Renyi entropy Sx of order two for the uniform ladder
with N = 200 and λ = 10−6. For x even (odd), part A of the
system consists of the first x/2 (the first (x + 1)/2) spins on
the front leg and the first x/2 (the first (x − 1)/2) spins on
the back leg of the ladder. The green triangles and the black
pluses show the sum of the entropies for two independent spin
chains, when the spin chains are cut at the same positions as
the legs of the ladder.
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FIG. 14. Absolute value of the spin-spin correlation 〈Szj+Szk±〉 for the uniform ladder as a function of (k − j)/N for j = N/4
(bulk spin) and k ∈ {N/4 + 1, N/4 + 2, . . . , N/2− 1} (for clarity we plot only some of these k values). In each plot, the upper
(lower) data points show the correlations of the bulk spin with other spins on the same (opposite) leg. The different plots are
for different values of λ, and there are N = 200 (red), N = 2500 (blue), N = 5000 (magenta), N = 7500 (green), or N = 10000
(black) spins in the chain. The vertical lines in (b-c) are positioned at (k −N/4)/N = 1/(piλ). Note that the x-axis is in log
scale to the left of these lines and in linear scale to the right of these lines. For λ = 0.5, the correlations between spins on
the same leg are seen to follow a power law decay, while the correlations between spins on opposite legs are much smaller and
almost independent of distance. For larger values of λ, we still see a power law decay for short distances, but at longer distances
the correlations decay exponentially, both for correlations between spins on the same leg and for correlations between spins on
opposite legs. The transition from power law to exponential decay is seen to occur approximately at the vertical lines. In the
standard 1D HS model the correlations decay as the inverse of the distance, and in (a-c) we plot a straight line of slope −1 for
comparison in the region where the x-axis is in log scale. The straight lines in the region to the right of the vertical line in the
plots (b-c) are proportional to exp(−piλ(k −N/4)/N).
decay as
|〈Szj+Szk+〉| ∝ |j − k|−1, (38)
and in the region well to the right of the line (k −
N/4)/N = 1/(piλ), they decay as
|〈Szj+Szk+〉| ∝
1
N
exp
(
−piλ|k −N/4|
N
)
. (39)
For spins on different legs, we see that the correlations
are almost independent of distance in the region well to
the left of the line (k−N/4)/N = 1/(piλ), and well to the
right of the line they follow (39) with practically the same
proportionality constant as for spins on the same leg. The
conclusion is hence that also for the ladder model, we can
have a situation, where the nature of the decay changes
depending on the distance between the spins.
D. Renyi Entropy of order two
Results for the Renyi entropy of order two are shown
in Fig. 15 for N = 200 and different values of λ. For
λ = 200, the entropy is close to ln(2) ≈ 0.693, whenever
the partition cuts a singlet apart, and it is close to zero,
whenever none of the singlets are cut apart. For λ = 1,
we see that the entropy grows linearly with ln(x) in the
region 1  x  N , except for oscillations. Considering
only the points for which x is a multiple of four (this
corresponds to both legs being cut after an even number
of spins), the fitted slope is 0.23. In the limit of λ go-
ing to zero, the two legs of the ladder decouple into two
independent spin chains, and the entanglement entropy
for the ladder is twice the entanglement entropy for a
single chain. The relevant slope to compare to is hence
c/4 = 0.25 rather than c/8. It is also seen that the ver-
tical line x = N/(piλ) is approximately at the transition
between linear growth with ln(x) for small x and area law
behavior for large x (after averaging out the oscillations).
This is consistent with the results for the correlations in
the previous section.
VII. CONCLUSION
We have constructed and studied a family of two-body
spin models on a cylinder that are related to the HS
model. The usual HS model corresponds to placing the
spins uniformly on a circle around the cylinder. Here, we
have instead placed the spins along one or two lines on
the cylinder that are parallel to the cylinder axis. This
gives rise to chain and ladder models, respectively. The
construction allows us to scale the distance between the
spins and hence the length of the chain or ladder inde-
pendently from the circumference of the cylinder, and we
have studied the significance of this extra parameter λ on
the physics.
When the length of the chain or ladder is small com-
pared to the circumference of the cylinder (small λ),
the properties of the ground state are described by
the SU(2)1 Wess-Zumino-Witten universality class. The
spin-spin correlations decay as a power law with exponent
−1, and for subsystems consisting of an even number of
spins in each of the legs or in the chain, the Renyi entropy
of order two grows as the logarithm of the subsystem size
with a proportionality constant consistent with a central
charge of c = 1. There are also some edge effects. A spin
in the chain is more strongly correlated with the neigh-
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FIG. 15. Renyi entropy Sx of order two for the uniform ladder with N = 200 and (a) λ = 1, (b) λ = 10, and (c) λ = 200. For
x even (odd), part A of the system consists of the first x/2 (the first (x + 1)/2) spins on the front and the first x/2 (the first
(x− 1)/2) spins on the back of the cylinder. In (a), we also plot (green triangles and black pluses) the sum of the entropies for
two independent spin chains with the same λ and cut at the same positions as the legs of the ladder. The discrepancies show
that the interchain interactions in the ladder model are important for λ = 1. The straight line fits in (a) and (b) have slope
0.23 and 0.27, respectively. The vertical lines in (a) and (b) are at x = N/(piλ).
boring spin on the side, where there is an odd number of
spins, than with the neighboring spin on the side, where
there is an even number of spins. In addition, when the
number of spins in the subregion is odd, the proportion-
ality constant in the Renyi entropy is lower than pre-
dicted by a critical theory with central charge c = 1, and
the slope varies with λ. In the small λ limit, the lad-
der model reduces to a product of two chain models, and
the spin-spin interaction strengths for spins in the bulk
are inversely proportional to the square of the distance
between the spins as in the HS model. The conclusion
is hence that for small λ, the physics of the investigated
model is the same as for the HS model, except for edge
effects.
When keeping the number of spins N fixed and taking
the limit, where the length of the chain or ladder is large
compared to the circumference of the cylinder (large λ),
the wavefunction of the ground state reduces to a product
of singlets, and the singlets are formed between neighbor-
ing spins. In this limit, the correlations decay exponen-
tially, and the Renyi entropy follows an area law. The
model hence enables us to transform between one or two
copies of an HS-like model and a product of singlets with
a Hamiltonian that contains only two-body interactions.
All the way along this path the ground state is known
analytically and various properties can be computed for
large system sizes using Monte Carlo simulations or an-
alytical tools.
When changing λ from small to large, we do not ob-
serve a sharp transition between the two behaviors de-
scribed above. Instead the transition occurs gradually,
in the sense that the chain shows different behaviors de-
pending on the distances considered. For small distances
and small subsystem sizes, the system behaves as in the
critical phase. For large distances and large subsystem
sizes, the correlations decay exponentially, and the en-
tropy follows an area law. As λ changes, the border be-
tween small and large distances moves. The ladder model
shows a similar behavior.
The results presented in this paper are interesting, be-
cause they show that it is possible to have a system,
where the correlations and the entropy behave in different
ways depending on the distances considered. Although
the precise pattern of interaction strengths present in the
considered models is difficult to realize in experiments,
the study suggests that having interaction strengths in
the Hamiltonian that change behavior depending on the
distance may be a mechanism to obtain a model, where
the correlations and the entropy change behavior depend-
ing on distance.
The investigated models contain several parameters,
since the spin positions can be chosen freely on two
lines, and for each choice there is a family of two-body
Hamiltonians having the same ground state. Several fur-
ther investigations could hence be done within the same
framework. Apart from being a nontrivial generaliza-
tion of the HS model with only two-body interactions,
the models presented in this work provide an interesting
playground for testing numerical approximation schemes.
The models display a variety of physical properties, and
they have the unusual feature of combining possibly long-
range two-body interactions with an analytically known
ground state for which various properties can easily be
computed.
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Appendix A: Wavefunction for small Λ
In this section, we derive an expression for the wave-
function when (19) applies. As mentioned in the main
text, we number the spins with σj > 0 from 1 to N+ and
the spins with σj < 0 from N+ + 1 to N = N+ + N−.
15
First note that
zj − zk = σjeΛf(j) − σkeΛf(k) = eΛ[f(j)+f(k)]/2
× {σjeΛ[f(j)−f(k)]/2 − σke−Λ[f(j)−f(k)]/2}
≈
{
Λ[f(j)− f(k)]σjeΛ[f(j)+f(k)]/2 for σj = σk
2σje
Λ[f(j)+f(k)]/2 for σj = −σk .
(A1)
The factor∏
j<k
{2eΛ[f(j)+f(k)]/2}(sjsk−1)/2
= e
∑
j<k{Λ[f(j)+f(k)]/2+ln(2)}(sjsk−1)/2
= e
∑
j,k{Λ[f(j)+f(k)]/2+ln(2)}(sjsk−1)/4
= e
∑
j [−NΛf(j)−N ln(2)]/4 (A2)
does not depend on sj , so it will be absorbed in the nor-
malization of the wavefunction and can be ignored. We
are hence left with
ψs1,...,sN (z1, . . . , zN ) ≈ constant× δs
N∏
p=1
χp,sp
×
∏
j<k
σ
1
2 (sjsk−1)
j
∏
{j<k|σj=σk}
{Λ[f(j)−f(k)]/2} 12 (sjsk−1).
(A3)
Let us introduce the notation
s+ ≡
∑
{j|σj=+1}
sj and s− ≡
∑
{j|σj=−1}
sj . (A4)
We then have∏
j<k
σ
1
2 (sjsk−1)
j = (−1)
∑
{j<k|σj=−1}(sjsk−1)/2
= (−1)
∑
{j<k|σj=σk=−1}(sjsk−1)/2
= (−1)
∑
{j,k|σj=σk=−1}(sjsk−1)/4 = (−1)(s2−−N2−)/4,
(A5)
where we have used that the spins with σj < 0 have
higher indices than those with σj > 0. We also have
N∏
p=1
χp,sp =
N+∏
p=1
χp,sp
N−∏
p=1
eipi(N++p−1)(1+sN++p)/2
=
N−∏
p=1
(−1)N+(1+sN++p)/2
N+∏
p=1
χp,sp
N−∏
p=1
χp,sN++p
= (−1)N+(N−+s−)/2
N+∏
p=1
χp,sp
N−∏
p=1
χp,sN++p . (A6)
Now note that∏
{j<k|σj=σk}
Λ
1
2 (sjsk−1) =
∏
{j,k|σj=σk}
Λ
1
4 (sjsk−1)
= Λ
1
4 (s
2
+−N2++s2−−N2−). (A7)
Therefore, in the limit (19), only configurations that min-
imize s2+ + s
2
− will remain. If N+ and N− are both even,
we have that s2+ + s
2
− is minimized for s+ = s− = 0. In
other words, δs is replaced by δs+δs− . If N+ and N− are
both odd, it is not possible to have s+ = 0 or s− = 0,
and we minimize s2+ + s
2
− for the choice s+ = −s− = +1
and for the choice s+ = −s− = −1. In that case, δs is
replaced by δs+=1δs−=−1 and δs+=−1δs−=1, respectively.
The relative sign of the two terms in the wavefunction is
(−1)N+(N−−1)/2−N+(N−+1)/2 = −1. Inserting the above
observations into (A3), we obtain (21) and (22) in the
main text.
Appendix B: Wavefunction for large Λ
To determine the form of the wavefunction (3) with
coordinates (16) in the limit (24), we first write the wave-
function as follows
δs
N∏
p=1
χp,sp
∏
j<k
(zj − zk) 12 (sjsk−1) =
δs
N∏
p=1
χp,sp
∏
j<k
[


σ2je
Λf(2j) − σ2keΛf(2k)
](s2js2k−1)/2
×
∏
j<k
[
((((
(((σ2j−1eΛf 2j−1) − σ2k−1eΛf(2k−1)
](s2j−1s2k−1−1)/2
×
∏
j<k
[


σ2je
Λf(2j) − σ2k−1eΛf(2k−1)
](s2js2k−1−1)/2
×
∏
j<k
[
((((
(((σ2j−1eΛf 2j−1) − σ2keΛf(2k)
](s2j−1s2k−1)/2
×
N/2∏
k=1
[
σ2k−1eΛf(2k−1) − σ2keΛf(2k)
](s2k−1s2k−1)/2
.
(B1)
For the sake of generality, we shall here assume that the
σk are general phase factors not restricted to being plus
or minus one. Utilizing (24), we can ignore the terms that
are crossed out in the above expression. Let us define
σ˜(2k) and f˜(2k) such that
− σ˜2keΛf˜(2k) = −σ2keΛf(2k) + σ2k−1eΛf(2k−1). (B2)
Since f(2k) ≥ f(2k − 1), we must have f˜(2k) ≤ f(2k) +
ln(2)/Λ.
With the definition (B2) we get that (B1) simplifies to
δs
N∏
p=1
χp,sp
∏
j<k
(zj − zk) 12 (sjsk−1) ≈ constant× δseΛF
×
N∏
p=1
χp,sp
∏
j<k
(−σk)(sjsk−1)/2
N/2∏
k=1
(
σ˜2k
σ2k
)(s2k−1s2k−1)/2
,
(B3)
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where
F ≡
N/2∑
k=2
[f(2k − 1)s2k−1 + f(2k)s2k]
k−1∑
j=1
(s2j−1 + s2j)
+
N/2∑
k=1
f˜(2k)s2k−1s2k (B4)
The configurations with the highest weight in the wave-
function are hence those that maximize F under the con-
straint
∑
j sj = 0. In appendix C, we show that, under
the constraint
∑
j sj = 0, F is maximal for all configura-
tions fulfilling s2j−1 + s2j = 0 for all j ∈ {1, 2, . . . , N/2}.
We also show that all other configurations with
∑
j sj = 0
have negligible weight, when the approximation (24) ap-
plies.
To show that the wavefunction is a product of singlets,
we additionally need to show that the wavefunction has
the right phase factors. The phase of the wavefunction
for a given configuration is
N∏
p=1
χp,sp
∏
j<k
(−σk)(sjsk−1)/2
N/2∏
k=1
(
σ˜2k
σ2k
)(s2k−1s2k−1)/2
.
(B5)
Utilizing that s2j−1 + s2j = 0 for all contributing config-
urations, we get
k−1∑
j=1
sjsk =
{ −1 for k even
0 for k odd
, (B6)
and it follows that the latter two products in (B5) do not
depend on the configuration. From the definition of χp,sp ,
one can check that χ2j−1,+1χ2j,−1 = −χ2j−1,−1χ2j,+1.
The phase factors of the terms in the wavefunction are
hence precisely those for a product of singlets.
Appendix C: Derivation of an inequality
To show that precisely the configurations with s2j−1 +
s2j = 0 for all j ∈ {1, 2, . . . , N/2} maximize F under the
constraint
∑
j sj = 0, we first note that
F =
N/2∑
k=2
[f(2k − 1)s2k−1 + f(2k)s2k]
k−1∑
j=1
(s2j−1 + s2j) +
N/2∑
k=1
f˜(2k)s2k−1s2k
=
1
2
N/2∑
k=2
[f(2k) + f(2k − 1)] (s2k + s2k−1)
k−1∑
j=1
(s2j−1 + s2j) +
N/2∑
k=1
f˜(2k)(s2k−1s2k + 1)
+
1
2
N/2∑
k=2
[f(2k)− f(2k − 1)] (s2k − s2k−1)
k−1∑
j=1
(s2j−1 + s2j)−
N/2∑
k=1
f˜(2k). (C1)
With this expression, it is natural to group the spins
together in pairs. We define
tj =
1
2
(s2j−1 + s2j), j ∈ {1, 2, . . . , N/2}. (C2)
Note that tj can take the values −1, 0, or +1. We shall
refer to these as negative defect, no defect, and posi-
tive defect, respectively. Note also that the condition∑N
j=1 sj = 0 translates into
∑N/2
j=1 tj = 0, so for a given
choice of configuration, the number of positive defects
must equal the number of negative defects. Let us con-
sider a configuration with defects at a1 < a2 < . . . < aD,
where aj ∈ {1, 2, . . . , N/2}. The factor (s2k − s2k−1) is
zero if there is a defect at position k, and can be either
plus or minus two if there is no defect. The choice of
sign does not affect other parts of the right hand side
of (C1), and we get the largest value of the right hand
side if the sign of (s2k− s2k−1) always cancels the sign of
∑k−1
j=1 (s2j−1 + s2j). We can therefore rewrite (C1) into
1
2
F +
1
2
N/2∑
k=1
f˜(2k) ≤
N/2∑
k=2
[f(2k) + f(2k − 1)] tk
k−1∑
j=1
tj +
N/2∑
k=1
f˜(2k)|tk|
+
N/2∑
k=2
[f(2k)− f(2k − 1)] (1− |tk|)
∣∣∣∣∣∣
k−1∑
j=1
tj
∣∣∣∣∣∣ . (C3)
Note that the right hand side of this expression is zero if
no defects are present.
We now pair up the positive and negative defects in
an iterative process as follows. In each iteration step, we
pair aq with ap according to the following rules:
1. q is the lowest possible number such that aq is a
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defect that has not yet been paired.
2. p is the lowest possible number such that
• ap is a defect that has not yet been paired
• tap = −taq
• ∑p−1x=q+1 tax = 0
We repeat this process until all defects have been paired.
An example is shown in Fig. 16
Unless there are no defects in the system, there will
always be at least one value of p for which ap and ap+1
have been paired. Let us first consider such a pair. We
introduce the notation
vp =
ap−1∑
j=1
tj =
p−1∑
j=1
taj . (C4)
Note that vp+1 = vp + tap . With the choice of pairing
we have made, vp+1 is nonzero and vp+1 and tap+1 have
opposite signs. Since vp+1 and vp are integers fulfilling
|vp+1 − vp| = 1, vp is either zero or has the same sign
as vp+1. Furthermore, since tap = −tap+1 , it also fol-
lows that tap and vp have the same sign if vp is nonzero.
Therefore |vp+1| = |vp + tap | = |vp|+ 1. It follows that
tapvp = |tap ||vp| = |vp|, (C5)
tap+1vp+1 = −|tap+1 ||vp+1| = −|vp| − 1. (C6)
Utilizing this result, we find that the terms on the right
hand side of (C3), which have k ∈ {ap, ap + 1, . . . , ap+1},
add up to
ap+1∑
k=ap
[f(2k) + f(2k − 1)] tk
k−1∑
j=1
tj +
ap+1∑
k=ap
f˜(2k)|tk|+
ap+1∑
k=ap
[f(2k)− f(2k − 1)] (1− |tk|)
∣∣∣∣∣∣
k−1∑
j=1
tj
∣∣∣∣∣∣
= [f(2ap) + f(2ap − 1)] |vp|−[f(2ap+1) + f(2ap+1 − 1)] (|vp|+1)+f˜(2ap)+f˜(2ap+1)+
ap+1−1∑
k=ap+1
[f(2k)− f(2k − 1)] (|vp|+1)
= f˜(2ap)− f(2ap) + f˜(2ap+1)− f(2ap+1)− [f(2ap+1)− f(2ap − 1)]|vp| −
ap+1−1∑
k=ap
[f(2k + 1)− f(2k)] (|vp|+ 1)
(C7)
So far we have not made assumptions about f˜ . For the
case of interest here, however, we know that f˜(2ap) −
f(2ap) and f˜(2ap+1)−f(2ap+1) are both at most ln(2)/Λ.
On the other hand, we know due to (24) that the last
term on the right hand side of (C7) is much more negative
than −2 ln(2)/Λ even for |vp| = 0. Hence the right hand
side of (C7) is negative.
We then repeat the same computation for all other
pairs of defects aq and ap for which |p − q| = 1. When
we have done that, we remove all defects from the set
{a1, a2, . . . , aD} that we have already taken into account
and repeat the same computations for the pairs of de-
fects, for which the defects in the pair are neighbors in
the new set (an example is the pair marked with the yel-
low arrow in Fig. 16). The computation is again the same
as above, except that some values of k between aq and ap
are omitted from the sums, since we have already taken
them into account. This does, however, not change the
conclusion that the result is negative. We repeat this
procedure until all defect pairs have been taken into ac-
count. Since the contribution from each pair is negative,
we conclude that
F ≤ −
N/2∑
k=1
f˜(2k), (C8)
and equality is only obtained if there are no defects, i.e. if
s2j−1 + s2j = 0 for all j ∈ {1, 2, . . . , N/2}. It also follows
from the above derivation and (24) that the next highest
value of eΛF is much lower than the highest value of eΛF ,
so only configurations fulfilling s2j−1 +s2j = 0 contribute
significantly to the wavefunction.
Let us finally comment that the result (C8) is valid
independent of (24) if f(N) ≥ f(N − 1) > f(N − 2) ≥
f(N − 3) > . . . ≥ f(1) and f˜(2k) ≤ f(2k) for all k. The
particular case f˜(2k) = f(2k) leads to
∑
j<k
f(k)sjsk ≤ −
N/2∑
k=1
f(2k) for
∑
j
sj = 0, (C9)
with equality obtained only for spin configurations ful-
filling s2j−1 + s2j = 0.
18
FIG. 16. Example of the pairing of spins and defects used in the derivation. The figure shows the spins 1, 2, . . . , N in the
wavefunction (3). Each spin is shown as a black arrow. An arrow pointing up (down) represents the spin state sj = +1
(sj = −1). The red circles illustrate the pairing of neighboring spins (spin 1 with spin 2, spin 3 with spin 4, . . . , spin N − 1
with spin N). If the neighboring spins are both up, this leads to a positive defect (labelled +1), if the neighboring spins are
both down, this leads to a negative defect (labelled −1), and if one spin is up and one is down, it leads to a neutral site with
no defect (labelled 0). Defects with opposite signs are then paired. We first pair the defects, for which the two defects are
neighbors or only have neutral sites between them. These pairs are marked with the four green arrows. We then pair defects,
for which the two defects are neighbors if we ignore neutral sites and defects that we have already paired. There is one such
pair in the figure, and it is marked with a yellow arrow. We continue this procedure until all defects have been paired.
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